Numerical Evaluation of Models Describing Non-Newtonian Behavior

Many models for describing non-Newtonian behavior
have been developed within the past forty years. They
are generally one-dimensional, although the extension to
two and three dimensions is readily made (I). Most are
semi-empirical or have been developed from molecular
theories. Meter (2) lists 21 different models for describing
the non Newtonian viscosity. His list was not exhaustive
and new models have been developed since then. Within
the past five years, major advances have been made in
the development of constitutive theories through the ap-
plication of continuum mechanics. This has led to a uni-
fied description of a wide variety of rheological phenom-
ena including, in addition to the non-Newtonian viscosity,
the complex viscosity, normal stresses, and elastic recoil.

Despite this trend, simple models for describing the
non-Newtonian viscosity find many useful applications.
Foremost of these is the description, interpretaton, and
correlation of phenomena occurring in viscometric flows.
This flow class is industrially important and includes
laminar, fully developed axisymmetric flow such as flow
between flat plates, in pipes and annuli, and helical flow
in annuli. Elastic effects, when they occur, can be ignored
in this case because they do not change and do not con-
tribute to the pressure drop. Simple models may also be
used to replace the viscous contribution in the equations
of the more comprehensive constitutive theories. In this
way, the equations become more tractable by elimination
of undetermined parameters.

Models are commonly selected on the basis of their
theoretical suitability, their utility in solving the hydro-
dynamic equations, and their ability to fit the data. There
are few comparative results to support the latter criteria.
This paper reports the results of fitting different models
to a wide variety of non-Newtonian data (3) and should
help £ill that void.

MODEL SELECTION

The models selected for study are shown in Table 1.
The choice of models was confined to those able to de-
scribe the limiting Newtonian viscosities commonly ob-
served in polymer solutions. These viscosities, one at low
shear rates, no, and the other at high shear rates, 7., are
separated by a region of changing viscosity.

Referring to Table 1, the Powell-Eyring models are
based on absolute reaction rate theory and are amenable
to a thermodynamic interpretation. The Oldroyd model is
a nonlinear extension of the Jeffreys model from first-order
linear viscoelastic theory. It incorporates tensor concepts
fundamental to the continuum mechanical approach. The
Spriggs-Bird model is an extension of the Oldroyd treat-
ment to the general linear viscoelastic model. Elements of
molecular theory are incorporated to eliminate undeter-
mined parameters. The extended Spriggs-Bird model was
empirically formulated to correct for experimental devia-
tions from the theoretical model. The Bueche model
arises from treating each solute molecule as an inde-
pendently acting, three-dimensional, vibrating, mechani-
cal system, The Meter and extended Williamson models
are empirical extensions of the Peek-McLean and William-
son models, respectively. These latter two models are
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interpreted in terms of an association-dissociation process
involving pairs of spherical solute molecules. In the Peek-
McLean model the spheres are embedded in a non-New-
tonian fluid (I12), while in the Williamson model the
fluid is Newtonian (3). The Seely model is empirical and,
at low shear stresses, is equivalent to the Peek-McLean
model,

The number of parameters in these models ranges from
three to five. However, only one to three parameters are
evaluated by data-fitting since the limiting viscosities are
known by inspection from the data.

TasLE 1. NOoN-NEWTONIAN MODELS

Model Reference
1. three-parameter Powell-Eyring (4t06)
n=m, + —0‘,{-sinh—1 (a2 7))
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2. five-parameter Powell-Eyring (41t06)
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7. Meter (2)
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9. Seely (11)
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NON-NEWTONIAN DATA

Non-Newtonian data were selected from the literature.
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Only those data were used which could define the entire
viscosity curve. This meant that limiting viscosity values
must be available as well as data in the region of changing
viscosity. 1. is generally not well defined in polymer solu-
tions, owing to viscous heating and shear degradation.
Often the data available only approached the high shear
rate limit. In that case 7., was estimated by extrapolation
to a reasonable limit. 7. is not measured in polymer melts
because of shear degradation. Consequently, the theoretical
value (10) for u., that is, zero, was used for these systems.

Altogether, forty-six sets of non-Newtonian data were
selected for this study. Eight of these were from polymer
melts. The remainder were largely from solutions of
macromolecules. They represent a wide variety of chemi-
cal and physical properties. Their general characteristics
are described in Table 2.

entire curve, as was done here, insures that the param-
eters are functions only of the intrinsic physical and
chemical properties of the system.

RESULTS

The extended Williamson and five-parameter Powell-
Eyring models fit the data significantly better than the
remaining models. Mean errors, calculated as the average
of the RMS Errors, were determined for each of the
models. The mean errors for the extended Williamson and
five-parameter Powell-Eyring models were about 5%,
while those for the Meter and extended Spriggs-Bird
models were about 9% . Mean errors for the other models,
based on all the data, are as follows: Bueche, 13%; three-
parameter Powell-Eyring, 14% ; Spriggs-Bird, 19%; Seely,

TaABLE 2. GENERAL CHARACTERISTICS OF DATA

Degree Shear Rate
Mol. Wt. of of Non- Range
Solute or Characteristic Newtonian of Data,
Characteristic Molecule Solvent Molecule Behavior Decades  Reference
Non-Newtonian Solutions
polyisobutylene decalin 6.3 x 105 high 5-7 (13)
polystyrene tetralin 2.8 x 108 moderate 3 (14)
cis-polybutadiene benzene 1.5-8.7 x 105 moderate 25 (11,15)
cis-polyisoprene hexane-isopentane 1.3 x 108 moderate 2 (11, 15)
butadiene-styrene copolymer water - slight 2 (18)
nitrocellulose n-butyl acetate 2.1 X 106 high 10 (17)
hydroxyethyl cellulose water High moderate 4.5 (2)
milling yellow dye water — slight 2 (18)
polyacrylic acid water 1.8 x 108 moderate 3 (19)
DNA water 5.6 x 106 slight 3 (20)
poly-v-benzyl-L glutamate m-cresol 2.7 x 103 high 4-7 (21)
Non-Newtonian Melts
polyethylene — — mod. high 6 (22)
polyisoprene —_ 6.4 X 105 slight 3 (23)
polyvinyl butyral — — high 45 (22)

DATA FITTING

The data were graphically smoothed on logarithmic
coordinates, then sampled using a logarithmic sampling
interval of one-third decade in shear rate. This sampling
procedure results in an economic sampling rate, yet pro-
vides for uniform preservation of the viscosity information
over all shear rates (24).

The models were fitted to the data by using the least
squares procedure. The error term was defined as

fi—yi (1
fi

and treats only relative deviations from the data. The
data fitting ability of a model was described by the RMS
Error

€ =

RMS Error =

i1=1 (2)

The summation included only those points in the region
of changing viscosity since the models fit the data exactly
in the Newtonian terminal regions of the viscosity curve.

The models were fitted to the entire viscosity curve
rather than a select portion of the curve. The fitting of the
power law model is a common example of the latter pro-
cedure and the parameters are not constants but depend
upon the portion of the curve that is fitted. Fitting to the
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209%; Oldroyd, 389%. The mean error results, broken
down in terms of the solution data, melt data, and then
all data combined, are given in Figure 1.

The five-parameter Powell-Eyring model should be
used to fit experimental data when a thermodynamic inter-
pretation is desired. Otherwise, the extended Williamson
model is recommended. It has one less undetermined
parameter than the Powell-Eyring model. Reasonable esti-
mates of the extended Williamson model parameters can
readily be made upon inspection of the experimental data
while this is not true of the Powell-Eyring model. Finally,
numerical constraints on values of the extended William-
son model parameters are better than for the Powell-
Eyring model, since the difference between non-New-
tonian terms in the latter model is conceptual rather than
numerical. Because the shear rate is an implicit function
of other quantities in the models, neither yields analytic
solutions to simple hydrodynamic problems. Except for
the power law and the two-parameter Powell-Eyring
models (4), this is also true of most other models for the
non-Newtonian viscosity.

Powell-Eyring Models

The five-parameter model was, on the average, a dis-
tinct improvement over the three-parameter model. How-
ever, both of these models, fit with the same precision
data for solutions of low molecular weight polybutadiene,
polystyrene, and polyacrylic acid at low concentrations,
milling yellow dye, DNA, and butadiene-styrene copoly-
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Fig. 1. Error data summary.

mer, indicating that the second non-Newtonian flow unit
was not necessary in these instances. This was confirmed
by the ratio as/az, which ranged from 0.2 to 5, meaning
that there was little difference in the behavior of the two
inverse hyperbolic functions.

For several of the data sets the curve produced by the
five-parameter model crossed the data curve a number of
times in the region of changing viscosity. This occurred
whenever «a1/a3 was greater than 10 and the time con-
stants a3 and a4 differed by a factor greater than 50. The
reason for this behavior is that the two non-Newtonian
flow units responded to shear rates of widely different
magnitude and the response of one has subsided before
the next begins. Under these conditions a third flow unit
appears desirable to fill the gap in response between the
other two.

The most frequent deviations of the five-parameter
Powell-Eyring model from the data occurred near the ends
of the region of changing viscosity. The fitted curve
tended to vary a little more rapidly with shear rate than
the data did near the low shear rate end. The converse
was true at the high shear rate end. These deviations were
usually small.

Extended Williamson Model

The most frequent deviations of the extended William-
son model also occurred near the ends of the region of
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changing viscosity. In this case, however, the fitted curve
tended to vary a little less rapidly with shear rate than
did the data, This was true at both ends of the region and
again the deviations were usually small.

An essentially linear relationship was maintained by a;
with concentration when plotted on logarithmic coordi-
nates. This relationship is defined by the proportionality

g < C™P (8)

and was good for concentrations varying by as much as
an order in magnitude. Based on a limited number of data,
unbranched polymers or ones where the pendant branches
are small compared to the repeating unit in the chair
backbone are characterized by b ~ 3. Polymers possessing
large side branches are characterized by b < 3.

Values of ap ranged largely between 0.6 and 1. a for
the melt data varied from 0.53 to 0.86, bracketing the
value of 0.75 proposed by Bueche and Harding (25).
The absolute slope of 0.5, predicted by the molecular
theories of Bueche (10) and Rouse (26), probably repre-
sents the lower limit of o for systems of macromolecules.
In some instances oy decreased slightly with concentra-
tion, while in others, it increased. Interpolation is readily
accomplished since, over two to four-fold ranges in con-
centration, «y is proportional to the logarithm of the con-
centration.

While few data were available to confirm the tempera-
ture dependence of «y, the theory (3) predicts that

ay @ Te—B/RT (4)

Thus, .y increases exponentially at low temperatures but
changes to a linear dependence at higher temperatures.

NOTATION

C = concentration

E = activation energy

fi = experimental value of dependent variable
N = number of data points in a set

R = gas constant

T = absolute temperature

yi = fitted value of dependent variable

an = model parameters

|v| = shearrate

error term in fitting procedure
viscosity, no, limiting viscosity at zero shear rate;
7., limiting viscosity at infinite shear rate

€

|

n
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Comments on Turbulence Measurement in Water

using an Electrokinetic Probe

Recently, Chuang and Cermak presented a paper (I)
on turbulence measurements in a pipe flow of distilled
water using an electrokinetic probe. They are to be com-
mended for their pioneering study of the probe technique.
However, the shortcomings of their analyses also must be
pointed out.

In the section on theory, they presented the following
equation for charge transport in an incompressible fluid:

op p
—+ V- (pU —_—=0
Fri (p_>)+f (1)

To obtain Equation (1), one must assume that the con-
ductivity of the fluid is a constant, and that the charge
transport due to diffusion is negligible. Without these as-
sumptions, the corresponding equation, as derived by
Gavis and Koszman (2 to 5), becomes

i) A2
—p+V'(pU)+i=—v2 p+ VY Ve (2)
dt -> T T

where the two terms on the right-hand side of Equation
(2) represent the effects of diffusion and variation in con-
ductivity.

As shown by Gavis and Koszman, the assumption of a
constant conductivity is valid only for fluids of low dielec-
tric constant and low conductivity, such as electrokinetic
effects in hydrocarbons or charge transport phenomena in
gases. For water and solutions thereof, the conductivity
varies essentially over the diffuse layer and the term
Vi » Vo can not be omitted from Equation (2). It seems
doubtful that any result derived from Equation (1) can
be considered even as a good approximation for water
and its solutions. The omission of the diffusion term is also
subject to question, especially in regard to the diffusion
perpendicular to wall.

Another assumption used by the authors, following the

HENRY LIU
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Chuang and Cermak made one more assumption regarding
the electrokinetic-potential fluctuations. They assumed that
the potential fluctuation of electrokinetic-potential differ-
ence between two closely spaced electrodes aligned in any
direction is considered to be linearly proportional to the
fluctuating turbulent velocity (of the neighboring fluid?)
in that direction. :

It should be pointed out that to date (1968) no data
taken by any other investigator except those reported by
Chuang (I, 11) have yet confirmed this hypothesis. I
have conducted a series of tests but all of them indicated
no directional sensitivity (9). In view of this, I had to use
a quite different rationale to explain my experimental data
(9, 10). 1t is hoped that other researchers in this field
will conduct more experiments to testify the hypotheses
of directional sensitivity and linear proportionality.

NOTATION

t = time

t# = fluctuating component of velocity vector
-

U = instantaneous velocity vector

>

Greek Letters

diffuse-layer thickness
instantaneous true charge density
time-mean charge density
conductivity

relaxation time of the fluid
fluctuating electric potential
instantaneous electric potential

f

T |

€9 qo|° >
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